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Time-Marching Transonic Flutter Solutions
Including Angle-of-Attack Effects

John W. Edwards,* Robert M. Bennett,| Woodrow Whitlow Jr.,t and David A. Seidelt
NASA Langley Research Center, Hampton, Virginia

Transonic aeroelastic solutions based upon the transonic small perturbation potential equation are studied.
Time-marching transient solutions of plunging and pitching airfoils are analyzed using a complex exponential
modal identification technique. The HYTRAN2 code is used to determine transonic flutter boundaries vs Mach
number and angle of attack for NACA 64A010 and MBB A-3 airfoils. In that code, a monotone differencing
method, which eliminates leading edge expansion shocks, is used to solve the potential equation. When the effect
of static pitching moment upon the angle of attack is included, the MBB A-3 airfoil can have multiple flutter
speeds at a given Mach number.
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Nomenclature
nondimensional elastic axis location, measured
from midchord
amplitude of /th mode, Eq. (10)
(4 x 4) and (4 x 2) matrices, Eq. (4)
airfoil semichord, m
nondimensional lift coefficient, positive down-
wards
nondimensional moment coefficient about a,
positive nose up
nondimensional pressure coefficient
airfoil shape function
nondimensional plunge displacement of elastic
axis, positive downwards
identity matrix

= velocity potential
= (4 x 4) state transition matrix
= uncoupled plunge and pitch mode frequencies,

rad/s

reduced frequency, o?Z?/ U
pitch spring constant
airfoil mass per unit span
Mach number
(2x2) mass, stiffness, and input matrices, Eq.
(3)
radius of gyration about elastic axis
a. +j(jof = Laplace transform variable, rad/s
time, s
integration step size, s f - .
airspeed, m/s
(2xl) airload vector, Eq. (3)
speed index, U/bu^
Cartesian coordinates
(4xl) state vector, Eq. (4)
dimensionless static unbalance
(2xl) mode vector, Eq. (3)
angle of attack, rad (deg)
ratio of specific heats
<T//aY= damping ratio of the /th mode
(4 x 4) matrix, integral of $
airfoil mass ratio, m/irpb2 fluid density, kg/m3

phase of /th mode, Eq. (10)
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Superscripts
= transpose
= time derivative

Subscripts

f
i
n
o

= flutter
= index
= time step index
= initial or steady condition

oo = freestream

Introduction

THE calculation of aeroelastic response characteristics in
the transonic speed range is of much current interest since

the avoidance of transonic flutter is a key design problem.
Prior to the development of computer programs capable of
solving transonic aerodynamic problems, linear subsonic and
supersonic solutions were extended into this regime even
though the assumptions of the underlying theory were
violated. The LTRAN21 computer program solves the two-
dimensional, low-frequency, transonic, small perturbation
potential equation. Its application to a simple aeroelastic
stability problem was demonstrated by Ballhaus and
Goorjian.2 Reference 2 illustrates the two approaches which
have been followed in the application of transonic
aerodynamic calculations to aeroelasticity; namely, harmonic
analysis and time-marching analysis. The former assumes that
the unsteady aerodynamic forces are locally linear and utilizes
traditional modal superposition of harmonic loads while the
latter delays the question of linearity by calculating the
transient response of the coupled aerodynamic-structural
system. If the assumption of local linearity is warranted, the
harmonic analysis approach may offer a significant com-
putational savings. Rizzetta3 examined the time-marching
technique, using the LTRAN2 code, to calculate the unsteady
airloads. The initial conditions chosen were large enough that
significant nonlinear effects occurred in,the calculated un-
steady airloads, indicating large shock motions. Yang et-al.4

also studied a time-marching scheme and compared harmonic
flutter analyses5 using oscillatory airloads derived from
LTRAN2 and UTRANS2.6

Since the original LTRAN2 code is accurate only at low
frequencies (k<0.075), several improvements were made to
increase its range of applicability. Houwink and van der
Vooren7 studied the effect of retaining the time-derivative
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terms in the boundary and auxiliary conditions in their
LTRAN2-NLR code and claimed accuracy to k = 0.4. Rizzetta
and Chin8 retained, in addition, the high-frequency (</>„) term
in the governing equation. Isogai9 has included both of these
effects in a computer code which has been used to generate
oscillatory airloads for a harmonic flutter analysis of a two-
dimensional airfoil section. The analysis demonstrated a
significant transonic dip in the section's flutter boundary.
Borland and Rizzetta10 have developed a three-dimensional
unsteady aerodynamic code, XTRAN3S, and have utilized a
centered-difference structural integration technique to obtain
transient time-marching flutter solution. __

Application of these time-dependent small perturbation
codes has been hampered by numerical stability problems
which occur for large amplitude motion and/or large angles
of attack. The current study modifies the LTRAN2-NLR code
with the monotone differencing scheme of Engquist and
Osher11 in order to eliminate the source of this problem,
namely expansion shocks near the airfoil leading edge. The
resulting code is termed HYTRAN2. This code has been used
to study the accuracy and stability of the various numerical
integration techniques which may be used in transient time-
marching calculations.12 The accuracy of the finite difference
codes may be established using recent analytic solutions by
Bland13 of the linearized LTRAN2, HYTRAN2, and EX-
TRAN2 aerodynamic problems. The linearized version of the
HYTRAN2 code is then used to investigate the accuracy of
various numerical integration techniques for the structural
equations of motion. A comparison is made of transonic
flutter boundaries of the NACA 64A010 airfoil calculated by
four nonlinear transonic codes. The effect of angle of attack
upon the flutter boundaries of the NACA 64A010 and the
MBB A-3 airfoils is also demonstrated. Finally, the effect
upon the flutter boundary of including the aeroelastic twisting
resulting from the steady pitching moment is demonstrated.

Unsteady Transonic Small Perturbation Equation
The calculations described herein were obtained from a

modified version of the LTRAN2-NLR code7 which solves
the low-frequency transonic small perturbation (TSP)
potential equation

(1)

where 7* =2-(2-y)M2
00. The airfoil boundary and wake

conditions are

<t>z=fx+ft z=±0, 0<x<l (2a)

(2b)

where the airfoil coordinates are given by z=f(x,t).
Aerodynamic loads are given in terms of a nondimensional
pressure coefficient, Cp9 which in the small perturbation limit
becomes

C.= - (2c)

The original LTRAN21 grid of 99 x 79 points in the x and z
directions, respectively, with 33 points on the airfoil chord
was used. The original LTRAN2-NLR and LTRAN2 codes
are very sensitive to angle-of-attack changes and large airfoil
pitching or plunging motions, and numerical instabilities
generated at the leading edge14 can lead to program failure.
The monotone differencing method of Engquist and Osher11

eliminates the leading-edge expansion shocks which cause this
problem and has been incorporated into a code termed
HYTRAN2 which was used for this study. Solutions obtained
with the time-derivative terms of Eqs. (2) deleted are referred
to as LTRAN2 solutions, while solutions with a -M2^$tt term
added to Eq. (1) are referred to as EXTRAN2 solutions.

References 8 and 9 give results obtained from EXTRAN2 type
codes.

The frequency limits of LTRAN2 and HYTRAN2 codes are
generally accepted as &«0.075 and &«0.4, respectively.
These estimates are based upon comparisons of results from
linearized versions of these finite difference codes [obtained
by deleting the 0 .̂0 .̂ term in Eq. (1)] with classical solutions
of the subsonic wave equation. This has left open the
questions of convergence of solutions for a given grid and
accuracy of the solutions. Bland13 has modified the kernel
function of the Possio integral equation to enable com-
putation of exact analytic solutions of the LTRAN2 and
HYTRAN2 linearized problems. Figure 1 gives comparisons
of his exact c(a solutions at M=0.8 for the three different
kernels with LTRAN2 and HYTRAN2 results for reduced
frequencies up to 0.5. The finite difference results were ob-
tained using three cycles of time-marching calculations with
360 steps/cycle. The agreement between the finite difference
and analytical solutions indicates that ttye finite difference
code is quite accurate for the grid and step size used. Also, the
departure of LTRAN2 from the analytic EXTRAN2 results
above &«0.05 confirms the limitations of LTRAN2 men-
tioned above. The HYTRAN2 results are in better agreement
with EXTRAN2 and show a more gradual departure from
EXTRAN2. The selection of an upper-frequency limit on
HYTRAN2 is somewhat arbitrary.

Time-Marching Aeroelastic Solutions
The classical description of a two-dimensional, pitching

and plunging airfoil is assumed. The airfoil lies between ± 1
on the x axis; plunge h, and lift coefficient cf, are measured
positive downwards at the elastic axis a; and pitch a, and
moment coefficient about a, cm, are positive nose up. The
equations of motion are written in vector notation as

y=M-1Ky+M~1B'u (3)

wherey T =[ha] ,u T =[(c e -c g o ) (cm-cmo)]> and

0

The static load coefficients, c(o and cmo, are subtracted from
the total coefficients during the time-marching calculation.
Thus h and a represent perturbations about assumed static
operating conditions. The static angle of attack is a separate
input to HYTRAN2 and contributes to fx in Eq. (2a). The

10 ANALYTIC FINITE-DIFF
.EXTRAN2 ————
HYTRAN2 ————
LTRAN2 — - —

O
n

REAL
= 0.8

.25
k

.50

Fig. 1 Comparison of analytic and finite difference calculations of
lift coefficient due to pitching oscillation about midchord.
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speed index V— Ulb^^i^ determines the density (altitude)
assumed for a calculation. As V increases from zero, transient
responses are initially damped. Further increases in V will
usually lead to neutrally stable oscillations characterizing a
flutter boundary. The value of V at flutter is termed the
flutter speed index Vf. A fourth-order linear state equation
may be developed from Eq. (3) as

x=Ax+Bu (4)

=[M-IK o\' B=LM-IB' \

where

and

Structural Integration Technique
Published studies of time-marching aeroelastic solutions

have coupled the structural equations of motion to
aerodynamic codes using a variety of numerical integration
techniques. Rizzetta3 used an Adams-Moulton predictor-
corrector scheme. Reference 4 reports an algorithm based
upon an assumed linear variation of acceleration while a
centered-difference integration technique was used in Ref. 10.
None of these approaches takes advantage of the linear
structure of Eq. (4).

Since Eq. (4) is a finite dimensional linear differential
equation, its solution15 is

(5)x(t) = $>(t)x(0) + Qxp[A(t-r)]Bu(r)dT

The state transition matrix 3>(0 =exp[At] may be calculated
. to any desired accuracy as the sum of the first n terms of the
series expansion of the matrix exponential function. The first
term in Eq. (5) is the homogeneous response portion of Eq. (4)
while the second term is a convolution integral giving the
forced response. For use as a structural integrator in
aeroelastic time-marching solutions, Eq. (5) is rewritten to
reflect the evolution of the structural state from time step n to
time step n + 1 ,

x [ ( n + l)T]=*(T)x(nT)

J nT
(6)

where Tis the step size.
The alternating-direction implicit solution algorithm used

in HYTRAN2 requires three pieces of data to calculate the
flowfield potential, <t>n+], at time step n+\: 1) </>„, the
potential at time n; 2) xn9 the boundary condition at time n;
and 3) xn+1, the boundary condition at time n+l. Since the
lift and moment are not known over the interval nT<
t< (n +l)r, the integral in Eq. (6) must be approximated. The
simplest approximation is to assume that u(t)=u(nT) over
the interval. Then Bu(nT) may be taken out of the integral
and a slight change of notation gives

* M U . / = <

where the integral of the transition matrix is

(7)

(8)

An improvement upon this approximation may be obtained
by considering u to vary linearly between un and un+1 in Eq.
(6). Then, for small time steps T, the integral is nearly equal to
6B(un+1 + un)/2. However, un+1 is not available at this step

0=[
Jo

of the algorithm and an estimate of un+1
will be used. The resulting algorithm is

un + (un-un_1)

(9)

The integration matrices 3> and 0 were calculated using the
program described in Ref. 16. The results presented were
obtained from transient responses calculated using Eq. (9) for
the structural integrator.

Reference 12 describes a numerical evaluation of seven
alternative structural integration algorithms. The integration
technique given by Eq. (9) was shown to be superior to the
others in terms of stability and accuracy. After the steady-
state flowfield for the static angle of attack was obtained, the
transient was excited by a 1% chord displacement initial
condition on the plunge coordinate. The transient was
calculated for 250 time steps which yielded 3-6 cycles of
oscillation of the dominant flutter mode for the examples
studied. To determine a flutter point, several transients were
calculated for a range of speed indices, V. Typically, speed
indices were used which gave slightly subcritical damped
response and slightly supercritical diverging response. The
flutter speed index was then determined by interpolation.
Once the general nature of the flutter boundary was un-
derstood, additional flutter points could generally be obtained
in this manner with the calculation of two responses per
flutter point.

Section Structural Parameters
The structural parameters for the example studied are:

0=-2, xa = 1.8, r£ = 3.48, jK = 60, 0^ = 100 rad/s, and
o;a = 100 rad/s. The wind-off coupled plunge and pitch
frequencies are 71.34 and 533.8 rad/s. This example is the
same as case A of Isogai9'17 which was -selected to have
plunging and pitching normal modes similar to those of a
stream wise section near the wing tip of a sweptback wing. The
pivotal point for the plunging mode is 1.44 chordlengths
ahead of the leading edge and for the pitching mode it is 0.068
chordlengths ahead of midchord. Isogai17 has shown a

a, deg 0

o DATA
2-MODE FIT

vv
MODES
FROM 0
h FIT

-.02
.50

MODES
FROM n
a FIT,

deg

MODE 1
MODE 2
OFFSET

.05 .10 .15 .20
TIME, sec

.25

Fig. 2 Fit of transient response of MBB A-3 airfoil at M= 0.8, a = 0
deg, and Vf = 0.645.
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significant transonic dip in the flutter speed index of this
section with the plunging mode becoming the flutter mode at
frequencies ranging from 80-150 rad/s.

Modal Identification Technique
To efficiently use the information contained in the tran-

sients, the least squares curve fitting program of Bennett and
Desmarais18 was used. Both h and a. responses were fit in-
dependently by the function

Y(t)=a0 £) e- (10)

For the two degree-of-freedom example treated, m was set
equal to 2. The complex modes thus obtained, s/ = oi H-'yco/, are
estimates of the eigenvalues of the aeroelastic system and can
be plotted as a function of speed index, K, giving s plane root
loci of the coupled plunge and pitch modes. Figure 2 gives a
typical transient response of the MBB A-3 airfoil at M=0.8
and an angle of attack a. = 0. Shown at the top of the figure
are the h and a responses and the fits of the responses. At the
bottom of the figure, the time histories of the component
modes of the fits are shown. The fits are very good and in-
dicate that nonlinear effects are very small.

Table 1 gives the estimates of the two modes for each of two
response time histories. Standard deviations of the estimates
are computed from the residuals and are given in brackets
beneath the estimates. The estimates given by the independent
fits are very consistent with each other although the standard
deviations are somewhat optimistic. These results indicate
that locally linear techniques are applicable for this case
involving plunging oscillations of ±0.008 semichords and
angle-of-attack oscillations of ±0.25 deg.

Airfoils
Figure 3 shows the profiles of the two airfoils studied.

Coordinates for the NACA 64A010 symmetrical airfoil were
taken from Abbott and von Doenhoff19 and for the MBB A-3
supercritical airfoil from Bland.20 Applications of TSP codes
to both airfoils have been extensively reported (e.g., Refs. 3,
8, 21, and 22 for the NACA 64A010 and Refs. 22 and 23 for
the MBB A-3). The MBB A-3 theoretical design condition is
M= 0.765, a =1.3 deg, and cf = 0.58, and experimental
pressure distributions are given by Bucciantini et al.24 The
airfoil slopes required by HYTRAN2 were generated using the
geometry processor of LTRAN2.l

Results and Discussion
In this section, flutter boundaries are presented for the

structural dynamic model described above and for NACA

Table 1 Modal estimates for MBB A-3 response
atM=0.8and«=Odeg______

s2,rad/s

/I fit
a fit

-0.12+786.91
(0.05+70.05)
-0.02+786.74
(0.07+70.07)

-17.24+7*535.54
(0.31+7*0.32)

-17.94+7536.81
(0.42+7*0.43)

Table 2 Modal estimates for NACA 64A010 at M= 0.8,
____a = 0 deg, and Vf = 1.07 as a function of T

, rad/s s2,rad/s
0.0001
0.0005
0.001
0.002
0.003

0.11+7115.21
0.08 +j 11 5. 09
0.02+7115.18

- 0.08 +j 115.54
-0.07+yll6.08

-31.89+y536.26
-32.95+y536.17
-35.76 +7-537.04
-42.03+7544.83
-46.07+7551.90

64A010 and MBB A-3 airfoils. Steady-pressure distributions
for the ranges of Mach number and angle of attack in-
vestigated are given in Figs. 4 and 5. In the cases where the
steady shocks are located near the trailing edge, the shock
strengths are of concern. For these cases, Figs. 4 and 5, the
computed Mach numbers ahead of the upper-surface shocks
are only slightly less than 1.3—the Mach number at which
entropy rises start to become significant indicating that these
calculations are on the edge of and possibly outside the range
of applicability of TSP theory. At a= -1.50 deg, the Mach
number on ,the lower surface of the MBB A-3 is such that
these cases may be beyond the scope of the TSP theory.

Effect of Integration Step Size
The effect of integration step size upon the modes identified

from the angle-of-attack response is given in Table 2 for the
NACA 64A010 at M=0.8. The flutter speed index is
Vf=l.ff7; and ^ = 0.139. The variation of the modal
estimates with step size is slightly smaller than the
corresponding variations reported in Ref. 12 for the linearized
case. This provides confidence in.the application of the time-
marching technique to the nonlinear aeroelastic problem.
Effect of Amplitudeff ect of Amplitude

The effect of amplitude on the response at flutter was
udied for the MBB A-3 airfoil at three conditions:studied

NACA 64A010 Fig, 3 Airfoil profiles.

MBB:A3

NACA 64A010

UPPER

0.775 0.80 0.825 0.85 0.875

Fig. 4 NACA 64A010 steady pressure distributions as a function of
Mach number and angle of attack.

-1.5 c,

= 0.75 0.775 0.7875 0.80 0.8125 0.825

Fig. 5 MBB A-3 steady pressure distributions as a function of Mach
number and angle of attack.
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1) M= 0.775 and « = 0 deg where the flow is ' subcritical,
2) M= 0.794 and a = 0.5 deg where there is a strong shock aft
of midchord, and 3) M=0.8 and a. = 0.5 deg where the shock
is at the trailing edge. Table 3 gives the modal estimates in-
cluding the amplitude estimates from the a fit for M =0.115
which are typical. The flutter speed index is Vf=\.2l, and
fcy = 0.125.'There is a surprisingly small effect of amplitude
upon the damping of the flutter mode. The damping ratio f
changes from +0.011 for /z0 = 0.01 where the oscillation
amplitude is ±0.28 deg, to -0.004 for h = 0.10 where the
oscillation amplitude is ±2.97. deg. Inspection of the pressure
distribution for the h0 = 0.1 case during a cycle of oscillation
revealed a complex pattern of shock motion. During a portion
of the cycle, a strong shock forms near the 70% chord
position, travels forward, weakens, and disappears between
40-50% chord. This is the type B shock motion studied by
Tijdeman.25 Also, during the nose-down portion of the cycle
a strong shock forms at 5-10% chord on the lower surface. It
is interesting that the modal amplitudes at are nearly linear
with respect to h0, even for the large amplitudes studied. At
M= 0.794 the effect of amplitude upon the flutter mode was
smaller than that shown in Table 3; the change in the flutter
root in going from /*0 = 0.01 to 0.10 being s= -0.30+y0.69
rad/s. At M=0.8 the corresponding change was s= -1.41
—7*0.19. In all cases the standard deviations of the estimates,
which did not vary appreciably with H0, were small and of the
order given in Table 2, and the amplitudes varied nearly
linearly with h0. Calculations of amplitude effects were made ,
for the NACA 64A010 and similar small effects on the modal
estimates were observed. These results contrast with Do well et
al.26 who studied forced oscillations of the NACA 64A006
airfoil using LTRAN2 and postulated that nonlinear
aerodynamics would be important at &=0.1 for oscillatory
amplitudes greater than 0.5 deg. In summary, it appears that,
for a given Mach number and steady angle of attack, the
aeroelastic response of airfoils with dynamics similar to those
studied may be treated as locally linear in amplitude within
the limits of small disturbance theory.

Comparison of TSP Flutter Boundaries
The transonic flutter boundary of an NACA 64AQ10 airfoil

at a = 0 deg has been studied by Isogai9'17 using an EXTRAN2
code to obtain harmonic perturbation airloads and by Ehlers
and Weatherill27 using a transonic code, OPTRAN2, to
compute the harmonic linear perturbation airloads. The
flutter boundaries in both studies were then calculated using
traditional frequency-domain techniques. The comparison of
these flutter boundaries with that obtained from time-
marching solutions using HYTRAN2 is shown in Fig. 6. Also
shown are two flutter points at Mach 0.8 and 0.825 which
used LTRAN2 aerodynamics. The LTRAN2 flutter point is
conservative by up to 50% in flutter speed index while the
HYTRAN2 results are slightly unconservative below M= 0.85
when compared to EXTRAN2. The HYTRAN2 results
compare favorably with Isogai's EXTRAN2 results with both
giving minimum flutter speed indices of Vf — Q.5. The
HYTRAN2 and EXTRAN2 curves are displaced from each
other by M«0.015 which may be due to differences in steady
pressure distribution caused by grid differences. The
minimum Vf obtained using HYTRAN2 occurs at M=0.85
where the steady shock is at #/2Z?«0.75. The flutter speed
index is slightly greater at M= 0.875 where Isogai was unable

Table 3 Modal estimates for MBB A-3 at M= 0.775 and a = 0 deg
______________as a function of h0___________________

, rad/s ,rad/s al, deg a2, deg

0.01
0.02
0.04
0.10

-1.31+7117.17
-1.26+7*117.17
-1.02+7*117.15

0.42 +jl 17.24

- 46.53 +7*529.55
-46.20+7*528.77
-46.48+7*528.28
-48,85+7527.14

0.28
0.60
1.21
2.97

0.34
0.66
1.31
3.24

to obtain a flutter solution. The OPTRAN2 results (using
NACA 64A010A20 airfoil coordinates) are in reasonable
agreement with HYTRAN2 and EXTRAN2 for M<0.82.
Multiple flutter points are predicted by OPTRAN2 fpr Mach
numbers above the minimum Mf (0,85 <M<0.87) and the
HYTRAN2 calculations have confirmed this effect at
M= 0.875. Reference 30 indicates a complex flutter boundary
at larger values of F for 0.88 <M<0.90 which has not been
studied with HYTRAN2. Thus the flutter boundary between
M= 0.875 and 0.9 is not shown. For M>0.9 the shock has
moved off the trailing edge and the EXTRAN2 and
HYTRAN2 results are in good agreement.

Effect of Angle of Attack
The angle of attack is known to be an important parameter

affecting transonic flutter. Ashley28 lists several instances of
such an effect and Doggett and Ricketts29 have studied the
effect of angle of attack upon an arrow-wing configuration.
Edwards30 gives subcritical damping estimates indicating
changes in damping ratio of 0.02 for a 0.3 deg increase in
angle of attack for a supercritical wing. Yates et al.31 give
wind tunnel flutter test results of a similar wing at several
different angles of attack. A novel feature of the flutter
boundaries shown is the occurrence of multiple flutter speed
indices for Mach numbers less than that at the bottom of the
transonic dip. That is, as the flutter speed index decreased
with increasing Mach number, cases were studied in which
further decreases in speed index resulted in the flutter Mach
number decreasing also. This curl-back of the flutter
boundary occurred for angle-of-attack changes of ap-
proximately 2 deg. Houwink et al.32 report a similar oc-
currence.

The effect of angle of attack upon the flutter boundaries of
the NACA 64A010 and MBB A-3 airfoils are shown in Figs. 7
and 8. Changes in a of 1.5 deg can induce a 50% drop in Vf
for the NACA 64A010 between Mach 0.775 and 0.80 and a
60% drop in Vf for the MBB A-3 between Mach 0.77 and
0.79. The reduced frequencies at flutter for the two examples
range from ^—0.12 for the higher Vf values to kf — 0.2 for
the lowest. A key feature is that the boundaries of Fig. 7 show
a more gradual steepening than those of Fig. 8 as Mach
number increases. Comparing Figs. 5 and 8 indicates that the
abrupt steepening of the MBB A-3 boundaries occurs at the
Mach number at which the upper-surface shock forms. The
minimum Vf of both airfoils is approximately 0.5 and is not a
strong function of a. Also, the width of the transonic dip near
the minimum Vf is greater for the NACA 64A010 than for the
MBB A-3, which correlates with the change in Mach number
required for the shock to travel from near midchord to the
trailing edge (see Figs. 4 and 5). For both airfoils, the
boundary rises sharply when the shock reaches the trailing
edge.

3r- -r^r^7- --a
O HYTRAN2
D EXTRAN2. ISOGAI
O QPTRAN2, EHLERS AND WEATHERILL
A LTRAN2

.7
M

.9 1.0

Fig. 6 Comparison of NACA 64A010 calculated flutter boundaries.
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Figure 9 gives the bending mode root locus for the NACA
64A010 vs V for several angles of attack and Mach numbers.
Figure 9a presents root loci typical of the case in which the
shock has not yet moved aft on the airfoil (see Fig. 5). In-
creasing angle of attack causes a loss of damping and a drop
in flutter speed index and frequency. Figure 9b typifies the
casq in which the shock is near the trailing edge. Minimum
values of Vf occur for this condition and over a small range of
angle of attack there is little effect upon damping or flutter
frequency. In Fig. 9c the shock is still further aft and, for the
larger values of a, has moved off of the trailing edge. In this
case, the effect of increasing angle of attack reverses, with
increasing damping resulting for a >0.5 deg. Also, the locus
for a = 0.75 deg indicates the cause of the multiple values of
flutter boundaries shown in Fig. 7. None of these mechanisms
appear to address the experimental condition described by
Yates et al.31 and Houwjnk et ah32 in which the flutter
boundary was multiple-valued for Mach numbers less than
that at the bottom of the transonic dip. This observation led
to the investigation described in the following section of the
effect of aeroelastic twist due to the static pitching moment.

Effeet of Static Pitching Moment
In Eq. (3), cmo acts as a preload which is adjusted to

maintain the airfoil at a desired steady angle of attack. An
alternative viewpoint is adopted in this section by introducing
the wind-off angle of attack, a0, and rewriting the static
pitching moment equation as

(11)

(12)

which may be reorganized as

V2 = <irr2
0i(a-a0)/2cm(u,M)

Equation (12) is a nonlinear equation relating the equilibrium
angle of attack, a, to the speed index, K, for given values of
OLO and M. With reference to strip-theory type analyses of
wings, a0 may be regarded as a "wing root angle of attack"
and a as the local section angle of attack. The static pitching
moment coefficient, cm(a), is plotted vs a and M for the
NACA 64A010 and MBB A-3 airfoils in Figs. 10 and 11. For
a given Mach number, the pitching moment curves display
three characteristics as a increases: 1) A range of a in which
cm varies relatively linearly with a which corresponds to the
transition from shockless flow to flow with mild shocks (see
Figs. 4 arid 5), 2) a range of a. in which cm rises steeply
corresponding to strong shocks moving aft on the airfoil, and
3) a range in which cm again varies linearly with a. with a slope
which is independent of M corresponding to supersonic flow
over the upper surface of the airfoil. Note particularly that the

slope of the cm. curve in the first region varies gradually for
the symmetrical NACA 64 AGIO with both M and a whereas
the slope of the cm curve for the supercritical MBB A-3 is
almost independent of M and a in this region.

Figures 7 and 8 give flutter boundaries as a function of a.
In order to determine flutter boundaries as a function of a0,
taking into account twisting due to the steady pitching
moment, the data from Figs. 7 and 8 were crossplotted vs a
for fixed M and solutions of Eq. (l2) superimposed. Figure 11
gives such plots for the NACA 64AO10 at M= 0.8 and the
MBB A-3 at M= 0.775. Intersections of the solution of Eq.
(12) for a given a0 with the flutter boundary curve represent
flutter points at the indicated value of a. Figure 1 la is typical
for the NACA 64A010 in that only one flutter point occurs
for each value of a0. In contrast, Fig, lib shows that the
M[BB A-3 has three flutter points for a range of a0 near 4 deg.
This occurs due to the steeper slope of the flutter boundary
curves of the MBB A-3 coupled with the pitching moment
behavior shown in Fig. 10.

Figure 12 presents the effect of static pitching moment
upon the flutter boundary, of the two airfoils for 2
deg<a0<5 deg. Comparing Figs. 7 and 12a, the effect for
the NACA 64AO 10 is to steepen the flutter boundaries for
Mach numbers between M=0.75 and 0.8. Comparing Figs. 8
and 12b, the effect for the MBB A-3 is much more
pronounced. Multiple flutter points for a given Mach number
cause the flutter boundary to curl back as Fis decreased for
a0>3 deg. The amount of the curl-back in flutter Mach
number is similar to that shown in Ref. 31. At a0 — 4 deg, Mf
decreases 0.025 as Vf decreases from 1.1 to 0.65. The flutter
boundaries shown in Fig. 12 for F, <0.8 correspond to Mach
number and angle-of-attack combinations in which the shock
has moved aft on the airfoil. In these cases, unmodeled
boundary-layer effects are probably important. Nevertheless,
the similarity of the flutter boundary curl-back seen in Fig.
12b to those shown in Refs. 31 and 32 indicates that static
aeroelastic twisting can have a significant effect upon tran-
sonic flutter.

-L I NEAR THEORY

Fig. 8 Effect of angle of attack upon MBB A-3 flutter boundaries
obtained from HYTRAN2.

Fig. 7 Effect of angle of attack upon NACA 64A010 flutter
boundaries obtained from HYTRAN2.

rad/sec

J70
- 5 0 5 - 5 0 5 - 5 , 0 5

a. rad/sec o. rad/sec o. rad/sec
M = 0.8 M = 0.825 . M=-0.837

Fig. 9 NACA 64A010 flutter mode root locus as a function of M, V,
and angle of attack, a) M= 0.8, b) M= 0.825, c) M= 0.837.
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-1.0
M = .81

0.8375

J140 r

0 .5 1.0 1.5 2.0 2.5 -1.5 0 1.5
a, deg a, deg

Fig. 10 Static pitching moment about x/b = -2 as a function of
Mach number and angle of attack, a) NACA 64A010, b) MBB A-3.

1.5

Fig. 11 Graphical determination of flutter conditions at M=0.8
including effect of static pitching moment, a) NACA 64A010. b) MBB
A-3.

.75 .85 .75

Fig. 12 The effect of static pitching moment on flutter boundaries,
a) NACA 64A010, b) MBB A-3.

The multiple-valued flutter curves shown in Fig. 12b have
an interesting interpretation in terms of flutter testing. At
M= 0.775 and a0 = 3 deg, the bending mode root locus as a
function of speed index is.shown in Fig. 13. The speed index V
and actual angle of attack a. are noted along the locus and
show that the airfoil is twisted nose down as Vis increased.
Shown near F=0.6 and a= 1 deg is a local minimum in
damping due to the proximity to the «0=^3 deg flutter
boundary shown in Fig. 12b. As V increases, the mode
becomes damped again and finally flutters at J^-1.3 where
a« -0.7 deg. A small increase in either Mor a0 would lead
to flutter at Vf~Q.6. the flutter point at 6j=133 rad/s
corresponds to a classical type of flutter in which significant
frequency coalescence occurs. The incipient flutter condition
at o? = 85 rad/s has much less frequency coalescence and is
similar to cases which have been termed "single degree-of-
freedom" or "shock induced" flutter.28 Inspection of the
static pressure distributions corresponding to these two
conditions in Fig. 5 indicates that the lower-frequency flutter
occurs when a shock has developed on the upper surface.

Fig. 13 MBB A-3 flutter mode root locus vs V for &0=3 deg and
M= 0.775.

Concluding Remarks
The transonic small perturbation equation has been coupled

with the structural equations of motion of a pitching and
plunging airfoil and time-marching transient flutter solutions
have been obtained. Accurate/frequency and damping
estimates were obtained by means of a complex exponential
least squares curve fit qf the responses. The accuracy of the
time-marching calculations was established by comparison of
results from the linearized transonic equation and by com-
parison of the flutter boundary obtained with the nonlinear
equation with published results. The preferred algorithm is a
modified state transition matrix integrator which was more
accurate and stable for larger time steps than the others.

The flutter boundaries of symmetrical NACA 64A010 and
supercritical MBB A-3 airfoils were determined for an
example demonstrating a pronounced transonic dip. Com-
parison of flutter boundaries calculated using several
nonlinear transonic aerodynamic codes show good agreement
in predicting the transonic dip. The response at flutter was
surprisingly linear in amplitude for angle-of-attack
oscillations of up to 3 deg. The effect of angle of attack upon
the flutter boundaries of the two airfoils was determined.
Changes of 1.5 deg in angle of attack can cause a 50%
decrease in flutter speed index for the NACA 64A010 and a
60% decrease for the MBB A-3. The slope of the flutter
boundary with Mach number is larger for the MBB A-3 airfoil
and appears to correlate with steady shock strength and
locations on the airfoil. When aeroelastic twisting due to the
static pitching moment is included, the steeper flutter
boundary of the MBB A-3 leads to the occurrence of multiple
flutter points for a given Mach number and a situation in
which the flutter boundary Mach number decreases as speed
index is decreased. This effect has been observed in flutter
model tests.
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